
/25

Thermal dilepton rate, electrical 
conductivity & heavy quark diffusion 

from lattice QCD

Anthony Francis(Mainz), Olaf Kaczmarek (Bielefeld), Frithjof Karsch (Bielefeld+BNL), Edwin 
Laermann (Bielefeld), Helmut Satz (Bielefeld) and Wolfgang Söldner (Regensburg)

Heng-Tong Ding

1

based on work with

Brookhaven National Laboratory

Phys.Rev.D83(2011)034504, arXiv:1204.4945

June 12-15, 2012



/25

dileptons in heavy ion collisions
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 Dileptons: no strong interactions

 produced in all stages of collisions

 In medium & vacuum production of 
dilepton needs to be understood
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 Thermal dilepton production: annihilation of 
thermal qqbar, proportional to the self energy 
of a virtual photon 
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 Experimental results on dilepton rates 

3
• the low mass, the low pt PHENIX puzzle (c.f. Bratkovskaya et al, Dusling et al)

dNl+l−

dωd3p
= Cem

α2
em

6π3

ρV (ω, �p, T )

(ω2 − �p2)(eω/T − 1)
Cem = e2

nf�

f=1

Q2
f• dilepton rates:

• pp data well described by cocktails

• enhancement in the low mass region in AuAu data
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Response of the QGP to electromagnetic fields
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 Maxwell equation

J = σ (E+ v ×B) Ohm’s law:

σ

T
=

Cem

6
lim
ω→0

ρii(ω)

ωT

lim
ω→0

ω
dRγ

d3p
= lim

ω→0
Cem

αem

4π2

ρ(ω = |�p|, T )
eω/T − 1

=
3

2π2
σ(T )Tαem

μ: permeability of QGP
ϵ: permittivity of QGP
J: electrical current
σ: electrical conductivity
v:  flow velocity
R: nuclear radius

 Electrical conductivity σ:

 The emission rate of soft photons:

∇×E = −∂B

∂t

1

µ
∇×B = �

∂E

∂t
+ J,

 Evolution of magnetic field

Tuchin, PRC82(2010)034904
B(r, t) = Bm

R2

R2 + 4(t− t0)/
exp

�
− l2

R2 + 4(t− t0)/

�

σ σ

Relative strength of R2 and 4(t-t0)/σ:   Whether B is static or not ?
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Meson correlation & spectral functions

q(0)

q(0)

ΓH Γ†
H

q(x)

q(x)

ρ(ω, �p) = D+(ω, �p)−D−(ω, �p) = 2 ImDR(ω, �p)

Meson properties are all enclosed in Spectral functions:

Euclidean correlation function

Spectral representation

D+(t, �x) = D−(t+ iβ, �x)G(τ, �p) =

�
d3x e−i�p·�x D+(−iτ, �x) ,

GH(τ, T ) =
�

�x

�
JH(0,�0)J†

H
(τ, �x)

�

JH(τ, �x) = q̄(τ, �x)ΓH q(τ, �x)

GH(τ, �p, T ) =

� ∞

0

dω

2π
ρH(ω, �p, T )

cosh(ω(τ − 1/2T ))

sinh(ω/2T )
, H = 00, ii, V .



/25

Vector correlation function

6

time like correlator G00 and space like correlator Gii

GH(τ, �p, T ) =

� ∞

0

dω

2π
ρH(ω, �p, T )

cosh(ω(τ − 1/2T ))

sinh(ω/2T )
, H = 00, ii, V .

GV (τ, �p, T ) = Gii(τ, �p, T ) +G00(τ, �p, T )

the local, non-conserved current needs to be renormalized

avoid ambiguities of renormalization

p=0 in this work

conserved current, J0, gives τ-independent correlator G00  

G00(T ) ≡ −χqT +O(a2)
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Prior information on spectral functions

free vector spectral function (in the infinite temperature limit)

ρfreeii (ω) = 2πT 2ωδ(ω) +
3

2π
ω2 tanh(

ω

4T
)

vector spectral function at T<∞

-functionδ✦                    in ρii is smeared out

-functionδ✦                    in ρ00 is protected

ρfree00 (ω) = −2πT 2ωδ(ω)

-functionsδ cancel in ρV (ω) ≡ ρ00(ω) + ρii(ω)✦s

possible form:  Breit-Wigner (BW) form + modified continuum

ρ00(ω, T ) = −2πχqωδ(ω)

ρii(ω, T ) = χqcBW
ωΓ

ω2 + (Γ/2)2
+

3

2π

�
1 +

αs

π

�
ω2 tanh(

ω

4T
)

3-4 parameters: (χq), cBW ,Γ, αs

7
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Previous lattice results on thermal dilepton rate

8

F. Karsch, E. Laermann, P. Petreczky, S. Stickan and I. Wetzorke, Phys.Lett. B530 (2002) 147-152 

• 643x16 lattices, finite volume & lattice cutoff effects?

• Nτ not sufficiently large to extract spectral function

Wilson fermions

• ρ(ω) should be linear in ω at small ω, not captured by the MEM analysis

• Integral Kernel needs to be redefined in MEM to explore low 
  frequency region G.  Aarts et al, PRL ’07
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Previous lattice results on electrical conductivity

9

Quite different results from previous lattice calculations:

G. Aarts et al., PRL 99(2007) 

σ/T � (0.4± 0.1)Cem

S. Gupta PLB 597(2004)57

σ/T � 7Cem

Nτ = 8− 14, Nσ ≤ 44 Nτ = 16, 24, Nσ = 64

 Staggered fermions used, ρeven and ρodd need to be distinguished

 Unrenormalized currents are used



/25

Vector correlation functions on large & fine lattices

SU(3) gauge configurations at T/Tc≃1.45 
lattice size N3

σ ×Nτ with Nσ = 32-128 & Nτ=16,24,32,48

Non-perturbatively clover O(a) improved Wilson fermions
Quark masses close to chiral limit κ � κc

volume dependence

cut-off dep. 
& continuum 
extrapolation

close to continuum
10
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Volume & cut-off dep. of vector corr. function

small volume dep.
weak τT dep. near 1/2 

 1
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�

Normalized by free correlators in the continuum Gfree
V (τT )

11
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Volume & cut-off dep. of vector corr. function

11

cut-off effects are more server
than finite volume effects

large Nτ needed to perform 
continuum extrapolation

GV(τT) is close to the free case at large τT 

incomplete cancelation between G00(τT) and 
BW-contribution to Gii(τT) ?
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Continuum extrapolation

12
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• Increase of GV (τT )/G
free
V (τT ) with τT is obvious

• The rise with τT indicates that vector spectral function in the  
  low frequency region is different from the free case 

• Motivation for the Breit-Wigner type ansatz fitting
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Fit to vector correlation functions

13

• vector correlation function is sensitive 
to the low energy, Breit-Wigner 
contribution only for distance τT ≳ 0.25

1.15

1.16

1.17
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1.19
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1.23

0.0 0.1 0.2 0.3 0.4 0.5

T 

T2GV( T)/( qGV
free( T))

2TcBW/ =1.098

/2T=1.080
1.117
1.155

k = 0.0465(30) , �Γ =2 .235(75) , 2cBW �χq/�Γ = 1.098(27)

�ρii(�ω) =
2cBW �χq

�Γ
2�ω(�Γ/2)2

�ω2 + (�Γ/2)2
+

3

2π
(1 + k) �ω2 tanh(

�ω
4
)

vary width Γ with the other two parameters fixed
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Estimate of electrical conductivity

14

k = 0.0465(30) , �Γ =2 .235(75) , 2cBW �χq/�Γ = 1.098(27)
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BW+continuum
free

ii( )/ T

/T

σ

T
=

Cem

6
lim
ω→0

ρii(ω)

ωT

= (0.37± 0.01)Cem

=
Cem

3

2cBW �χq

�Γ

(accidentally) close to 
Aarts’ result!

�ρii(�ω) =
2cBW �χq

�Γ
2�ω(�Γ/2)2

�ω2 + (�Γ/2)2
+

3

2π
(1 + k) �ω2 tanh(

�ω
4
)
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Breit-Wigner + truncated continuum Ansatz

15

ρii(ω) = 2χqcBW
ωΓ/2

ω2 + (Γ/2)2
+

3

2π
(1 + k) ω2 tanh(

ω

4T
) Θ(ω0,∆ω)
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delay the onset (ω0) of the continuum partΘ(ω0,∆ω) =
�
1 + e(ω

2
0−ω2)/ω∆ω
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• Rise of BW peaks compensate for the cut from continuum parts  

• Fits become worse with increasing      and/or increasing ω0 ∆ω
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Electrical conductivity

16

ρii(ω) = 2χqcBW
ωΓ/2

ω2 + (Γ/2)2
+

3

2π
(1 + k) ω2 tanh(

ω

4T
) Θ(ω0,∆ω)

Θ(ω0,∆ω) =
�
1 + e(ω

2
0−ω2)/ω∆ω

�−1
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0/T=0, /T=0
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HTL
free

ii( )/ T

/T

1/3 � 1

Cem

σ

T
� 1 at T � 1.45 Tc

electrical conductivity

HTL conductivity is divergent at w~0

Soft photon emission rate

lim
ω→0

ω
dRγ

d3p
= (0.0004 − 0.0013)T 2

c � (1− 3) · 10−5 GeV2 at T � 1.45 Tc

 T~1.5 Tc~

Hard thermal loop (HTL) :
Braaten &.Pisarski, NP B337 (1990) 569
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Thermal dilepton rates
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= Cem
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em

6π3

ρV (ω, �p, T )
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HTD, Francis, Kaczmarek,Karsch, Laermann, Soeldner,
Phys.Rev. D83 (2011) 034504 
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Hard thermal loop (HTL): Braaten &.Pisarski, NP B337 (1990) 569

• thermal dilepton rate approaches leading order Born rate at w/T > 4~

• enhancement at small w/T



Heavy quark diffusion

A
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R

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

 = 200 GeVNNsAu+Au @ 

0-10% central(a)

Moore &
Teaney (III)

T)3/(2
T)12/(2

van Hees et al. (II)

Armesto et al. (I)

 [GeV/c]
T

p
0 1 2 3 4 5 6 7 8 9

H
F

2v

0

0.05

0.1

0.15

0.2
(b)
minimum bias

AA R0

 > 2 GeV/c
T

, p2 v0

HF
2 v±, eAA R±e

PH ENIX
PRL98(2007)

18 /25

 Langevin Equation

 Fluctuation-dissipation relation 

 Fick’s law of diffusion

3κ: mean squared momentum 
transfer per time

∂tN + D ∇2N = 0

D:   diffusion coefficient

drag
random 
force

dxi

dt
=

pi

M
,

dpi

dt
= − ηD pi + ξi(t)

ηD =
κ

2MT
,

�
ξi(t)ξj(t�)

�
= κ δij δ(t− t�)

 Einstein relation

D =
T

M ηD
=

2T 2

κ

ηD =
κ

2MT
,

�
ξi(t)ξj(t�)

�
= κ δij δ(t− t�)



Heavy quark diffusion
• pQCD calculations

αs ~ 0.2,  g ~ 1.6

   LO:    2πTD≈ 71.2
   NLO: 2πTD≈ 8.4

Moore & Teaney, PRD71(2005)064904
Caron-Huot & Moore, PRL 100(2008)052301

 0
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2
TD

s
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★ Compute heavy quark diffusion coefficient on the lattice 

Kubo formula:  heavy quark diffusion 
constant ~ intercept of σ(ω,0)/ω at 
ω=0

ji = ψ̄γiψEM current:

D =
1

6χ00
lim
ω→0

lim
�p→0

3�

i=1

ρii(ω, �p)

ω

ρii(ω, �p) =

�
d4x eiωt−i�p·�x

��
ji(t, �x), ji(0,�0)

��

19 /25
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Lattice setup for charmonium simulation

20

★ non-perturbatively clover improved Wilson fermions

★ isotropic quenched lattice

★ simulation parameters tuned to reproduce nearly physical J/ψ mass

lattice cutoff dep. Volume dep.

close to 
continuum

T dep.

★ large Nτ makes the extraction of spf more reliable
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Lattice cutoff/volume effects

21
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• small volume and lattice spacing dependences

T � < Tc < T
G(τ, T ) =

�
dω ρ(ω, T )K(τ, T )

Grec(τ, T ) =

�
dω ρ(ω, T �)K(τ, T )
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Differences of vector spfs at T>Tc from at T<Tc

22

• At 1.46 Tc, G(τT)-Grec(τT) is almost
 independent of τT at τT>0.35

• At T>1.46 Tc, G(τT)-Grec(τT) is 
 monotonically increasing with τT

Vii

-0.1
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 0.5

 0.25  0.3  0.35  0.4  0.45  0.5

(G( T) - Grec( T))/T3

T

1.46 Tc2.20 Tc2.93 Tc

reconstructed correlator:

G(τ, T )−Grec(τ, T ) =

�
dω

2π
∆ρ(ω) K(ω, τ, T ) ∆ρ(ω) = ρ(ω, T )− ρ(ω, 0.73Tc),

Grec(τ, T ) =

�
dω

2π
ρ(ω, 0.73Tc) K(ω, τ, T ) calculated from G(τ,0.73Tc) directly

differences of the correlation functions
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Estimation of charm quark diffusion at 1.46 Tc

23

Assume: from T=0.73 Tc to T=1.46 Tc, only the very low frequency 
part (ω<T) of the vector spectral function changes

Fit to the value of G(τ T=1/2)-Grec(τ T=1/2) at 1.46 Tc 

Ansatz of the very low frequency part of spectral function:

1

M=1.0GeV     ➜   2πTD≈0.6

M=1.8GeV     ➜   2πTD≈3.6

1I

ρ(ω � T ) = 2χ00
T

M

ωη

ω2 + η2
, η =

T

MD

ρ(ω � T ) = b ω

D =
1

6χ00
lim
ω→0

ρV (ω, T )

ω

2πTD =         b ≈ 2πT
3χ00
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Charm diffusion coefficient

24

 0

0.5

 1

1.5

 2

2.5

 3

3.5

 4

 1.4  1.6  1.8  2  2.2  2.4  2.6  2.8  3

2 TD

T/Tc
 0

0.5

 1

1.5

 2

2.5

 3

3.5

 4

 1.4  1.6  1.8  2  2.2  2.4  2.6  2.8  3

2 TD

T/Tc

D =
1

6χ00
lim
ω→0

ρV (ω, T )

ω

• Strong coupling limit: 2πTD=1

• pQCD: αs ~ 0.2, LO:2πTD≈71, NLO: 2πTD≈8

Kovtun, Son & Starinets, JHEP 0310(2003)064

• T-Matrix (U-pot. ): T/Tc≈1.5, 2πTD≈8 M. He, R. Rapp, arXiv: 1204.4442

Moore & Teaney, PRD71(2005)064904
Caron-Huot & Moore, PRL 100(2008)052301

• HQET(lQCD): Tc <T<2Tc  2πTD≈6 D. Banerjee, S. Datta, R. Gavai & P. Majumdar, PRD 85(2012)014510

A. Francis, O. Kaczmarek, M. Laine & J. Langelage, PoSLAT(2011)202

MEM
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Conclusion & Outlook

25

•  We calculated the vector correlation function at T≃1.45Tc in quenched 
   lattice QCD and performed a continuum extrapolation 

•  GV(τT) is well reproduced using a Breit-Wigner plus continuum 
    ansatz for the vector spectral function

• Dilepton rate approaches leading order Born rate at ω/T ≳ 4

• Electrical conductivity 1/3 � 1

Cem

σ

T
� 1 at T � 1.45 Tc

‣ Vector correlation functions at other temperatures and non-zero 
momenta

• Charm diffusion coefficients are estimated to be approximately 
  1/πT in the region of 1.46Tc ... 2.93 Tc
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Dilepton rates

26
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Rapp, arXiv:1010.1719

• lattice QCD results have larger contributions than LO pQCD

• the QGP contribution from several attempts is smaller than the hadronic  
  contribution

• Note: thermal dilepton rates from lQCD are calculated only at ~1.5 Tc
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Heavy quark diffusion coefficients

M. He, R. Rapp, arXiv: 1204.4442
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Maximum Entropy Method [Asakawa, Hatsuda & Nakahara, ’01]

28

• A method to obtain the most probable image from insufficient data

Default Model (DM):  m(ω), includes the prior information on ρ, e.g. ρ is positive-definite

DM is the only input parameter in the MEM analysis

• Ingredients of MEM:P [σ|GH] ∝ P [G|σH] P [σ|H]

ρ: spectral function 
G: lattice data
H: prior information on ρ

Information entropy: 

: likelihood functionP [G|σH] ∝ exp(−χ2
/2)

P [σ|H] ∝ exp(αS) : prior probability

• Hard to extract spectral function (spf)

• Important to check the dependence of output spf on DMs

• Maximum Entropy Method (MEM)          Bayesian theorem

O(103)
Continuous

fitting inconclusiveχ2

Discretized
O(10)

G(τ, T ) =

� ∞

0

dω

2π
K(τ, ω, T ) ρ(ω, T )

S =

� ∞

0

dω

2π

�
ρ(ω)−m(ω)− ρ(ω) ln

�
ρ(ω)

m(ω)

��
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Default model dependences of charmonium spf

29

variations on 
transport peaks

variations on
 resonance peaks


